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Abstract
We study the quantum contributions to the classical cosmological constant in a quantum
gravity theory for GR with matter on a piecewise linear spacetime corresponding to a tri-
angulation of a smooth manifold. We use the effective action approach and a special path-
integral (PI) measure which depends on a free parameter, while matter is modeled by a
massive self-interacting scalar field. The effective cosmological constant (CC) is given as a
sum of 3 terms: the classical CC, the quantum gravity CC and the matter CC. We show
that the free parameters of the theory can be chosen such that the classical CC cancels the
matter CC so that the effective CC is given by the QG CC. Since the value of the quantum
gravity CC is determined by the PI measure only, the PI measure parameter can be chosen
such that the effective CC gives the observed value. This is equivalent to the statement that
the experimentally observed CC value belongs to the spectrum of the CC operator in this
QG theory.
1. Introduction
The cosmological constant problem, for a review see [1], is the problem of explaining the presently
observed value of the cosmological constant (CC) within a quantum theory of matter and grav-
itation. In any quantum gravity (QG) theory there should be a natural length scale, which
is the Planck length lP ≈ 10−35m. Consequently, there should be a quantum correction to
the classical value of CC of order l−2P . However, this correction is 10
122 times larger from the
observed value [2], and the problem is to explain this huge discrepancy.
According to Polchinski, the CC problem in a QG theory has two parts [1]. The first part is
to demonstrate that the observed CC value is in the CC spectrum. The second part is to explain
why that particular value is selected. Hence the first step is to find out what is the CC spectrum
for a given QG theory. In string theory the CC spectrum is discrete [3] and it includes positive
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values [4]. However, the difficulty is to show rigorously that the observed CC value belongs to
the spectrum, although it is plausible that the CC spectrum may be sufficiently dense around
zero [1, 3]. The second part of the problem is answered by using the landscape idea combined
with the antrophic argument. In other QG theories, like loop quantum gravity [5], spin foams
[6] and casual dynamical triangulations [7] it is still not known what is the spectrum of the
cosmological constant.
Recently, a generalization of spin-foam (SF) models of QG was proposed, under the name
of spin-cube (SC) models [8, 9]. The SC models were proposed in order to solve the two
key problems of SF models: obtaining the correct classical limit and enabling the coupling of
fermionic matter. This is achieved by introducing the edge lengths for a given triangulation of
the spacetime as independent variables and a constraint which relates the spins for the triangles
with the corresponding triangle areas. A class of spin-cube models was constructed such that
it is equivalent to a Regge gravity state-sum model, which has general relativity (GR) as its
classical limit, see [9].
A systematic study of the semiclassical approximation for the Regge state-sum models was
started in [10] by using the effective action approach. A fundamental new assumption was
made in [10], and that is the hypothesis that the spacetime is described by a piecewise linear
(PL) manifold corresponding to a smooth manifold triangulation. Note that in the standard
quantum Regge calculus approach [11], the spacetime triangulation is an auxilliary structure
which serves to regularize the path integral, so that the spacetime is still a smooth manifold and
the smooth limit has to be defined for the observables. On the other hand, in the PL manifold
approach, the triangulation is a fundamental short-distance structure of the spacetime, while
the smooth manifold is a long-distance approximation. This is analogous to the situation in
fluid dynamics where Navier-Stokes equations are an excellent approximation for the motion of
a fluid at scales much larger than the size of a fluid molecule. The main advantage of the PL
spacetime approach is that the metric is described by finitely many degrees of freedom (DOF),
so that the path integral (PI) becomes a finite-dimensional integral. Furthermore, when the
edge lengths are much larger than lP and the triangulation has a large number of 4-simplexes,
then the effective action can be approximated by the effective action for a GR quantum field
theory with a cutoff given by the smallest edge length in the triangulation.
It was also shown in [10] that by an appropriate choice of the simplex weights, or equivalently,
by an appropriate choice of the path-integral measure, one can obtain a naturally small CC, of
the same order of magnitude as the observed value. However, the calculation in [10] did not take
into account the contributions from the matter sector, and as it is well known, the perturbative
matter contributions to CC are huge compared to the observed value, see [1]. In a letter [12]
we have proposed a mechanism how to preserve the small CC value from [10] when matter is
included.
In this paper we provide the details of the calculations which were used to propose the
mechanism for obtaining a small CC in [12]. We also show that this mechanism is simply the
statement that the experimentally observed CC value belongs to the spectrum of the CC operator
in PLQG. The proposed mechanism for a small CC consists of choosing the two free parameters
in the effective CC such that the matter contribution to CC cancels the bare value of CC so that
the observable CC becomes equal to the QG contribution to CC. This procedure is equivalent
to the statement that the experimentally observed CC value can be fitted in the spectrum of
the CC operator in PLQG by fixing the two free parameters. Hence the first part of the CC
problem is solved in PLQG. The second part of the CC problem, i.e. why is that particular
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value choosen, will not be addressed in this paper, because it is a more difficult problem and
beyond the scope of this paper.
First we study the case of pure GR with a non-zero CC term and then we study the case
with matter. We will show that the effective CC is a sum of 3 terms: the classical CC, the
quantum gravity CC and the matter CC. Since the observations can only measure the sum of
these 3 terms, we will show that it is possible to choose the classical CC to be equal to the
negative value of the matter CC. Hence the effective CC will be given by the quantum gravity
CC, which is determined by the PI measure. Since the PI measure depends on a free parameter,
this parameter can be chosen such that the effective CC gives the observed value.
It should be stressed that our approach to the problem of CC differs from the traditional QFT
approach in one important aspect. Namely, in QFT the amount of matter quantum contributions
to CC depends on the renormalization scale, and in order to guarantee the smallness of the
observed CC one needs a mechanism to cancel this matter contribution for every choice of the
renormalization scale (this requirement is usually referred to as naturalness). Our approach,
however, contains a finite number of fundamental degrees of freedom describing gravity and
matter. As a consequence, the matter contribution to CC is finite. In the QFT approach, which
assumes a smooth spacetime, the matter contribution would be infinitely large, since the sum
over all loop diagrams does not converge due to infinitely many degrees of freedom. Therefore,
it is not necessary to require naturalness in our approach.
In section 2 we study the effective action for the Regge state-sum model without matter
and with a non-zero classical CC term in the semi-classical approximation. We will show that
the effective CC is given by the first-order quantum correction because at the higher orders of
perturbation theory there are no CC terms. We also derive the bounds for the validity of the
semi-classical approximation, and this gives a restriction on the parameter of the PI measure. In
section 3 we couple matter, and calculate the matter contribution to the effective CC by using
the one-loop QFT approximation. The one-loop matter CC depends on a cut-off scale, and this
cut-off dependence can be removed by choosing the classical CC to be equal to the negative
matter CC, so that the effective CC is given by the quantum gravity CC. This cancellation is
also possible at higher-loop orders, which is shown in section 4, so that the effective CC is equal
to the quantum gravity CC non-perturbatively. In section 5 we present our conclusions.
2. Effective action for gravity with a cosmological constant
We are going to study the effective action for a discrete QG theory based on the Regge discretiza-
tion of GR with a CC term. Let T (M) be a simplicial complex associated with a triangulation
of a 4-manifold M = Σ × [0, 1], where Σ is a compact smooth 3-manifold. The case when Σ is
non-compact can be treated similarly to the compact case if we replace Σ with a ball B in Σ,
such that outside of B the edge lengths are kept fixed. We have restricted the topology of M
because we will consider only the semiclassical regime of QG where the notion of a quantum
corrected classical trajectory makes sense. Consequently (Σ, 0) is the initial spatial section and
(Σ, 1) is the final spatial section.
In each 4-simplex of T (M) we will have a flat Lorentz-signature metric and let L,  =
1, 2, ..., E, be the edge lengths of T (M), where L satisfy the triangle inequalities
1. The path
1In the usual Regge calculus one considers triangulations of manifolds with Euclidean-signature metrics. We
will consider the Lorentzian signature case, so that the triangle inequalities apply only to space-like triangles.
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integral of this theory, also known as the state sum, is given by the following integral
Z =
∫
DE
µ(L) dEL exp
(
iSRc(L)/l
2
P
)
, (1)
where DE is a subset of R
E
+ where the triangle inequalities hold and
SRc = −
F∑
∆=1
A∆(L)θ∆(L) + Λc V4(L) , (2)
is the Regge action corresponding to the Einstein-Hilbert action with the CC term, see [11]. A∆
is the area of a triangle ∆, θ∆ is the deficit angle and V4 is the 4-volume of T (M). The Planck
length lP is given by l
2
P = GN~, where GN is the Newton constant. We will also introduce a
classical CC length scale Lc such that
Λc = ± 1
2L2c
. (3)
We will choose the PI measure µ(L) as
µ(L) = exp
(−V4(L)/L40) , (4)
where L0 is a new length scale. This type of measure ensures the finiteness of Z and generates
a small quantum correction to the classical CC when Λc = 0 and L0  lP , see [10]. This is
also the simplest local measure which allows a perturbative effective action for large L and
which is manifestly diffeomorphism invariant in the smooth limit (E → ∞), see [10]. We have
to stress that we will never take the limit E →∞, since we are postulating that the spacetime
triangulation is physical, so that E is fixed and the spacetime is given by the piecewise linear
(PL) manifold T (M). We will also assume that E is a large number, i.e. E  1, so that T (M)
looks like the smooth manifold M .
The quantum effective action Γ (L) associated to the theory defined by the path integral (1)
is determined by the following integro-differential equation
eiΓ (L)/l
2
P =
∫
DE(L)
µ(L+ l) dEl exp
(
iSRc(L+ l)/l
2
P − i
E∑
=1
∂Γ
∂L
l/l
2
P
)
, (5)
where DE(L) is a subset of R
E obtained by translating the region DE by the vector −L [10].
When L→ (∞)E , then DE(L)→ RE , and we can assume that the perturbative solution of
(5) will be very-well approximated by the perturbative solution of the equation
eiΓ (L)/l
2
P =
∫
RE
dEl exp
(
iS¯Rc(L+ l)/l
2
P − i
E∑
=1
∂Γ
∂L
l/l
2
P
)
, (6)
where
S¯Rc(L) = SRc(L) + il
2
PV4(L)/L
4
0 . (7)
Therefore we will use only the triangulations where all the triangles are spacelike so that an edge-length is a
positive square root of the Lorentz-invariant square distance of the corresponding spacetime interval. Hence an
edge length is invariant under the Lorentz transformations and it is different from the spatial distance of the
corresponding spacetime interval.
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This assumption is based on the results of [10], where it was shown that this is true for the
exponentially damped PI measures.
The perturbative solution of (6) can be written as
Γ = S¯ + l2P Γ¯1 + l
4
P Γ¯2 + · · · , (8)
where Γ¯n will be given by the EAD constructed for the action S¯Rc, see [10]. Since
Γ¯n = Γn,0 + l
2
P Γ¯n,1 + l
4
P Γ¯n,2 + · · · , (9)
we obtain
Γ = SRc + l
2
P (−i logµ+ Γ1,0) + l4P (Γ2,0 + Γ¯1,1) + l6P (Γ3,0 + Γ¯1,2 + Γ¯2,1) + · · · . (10)
Hence
Γn(L) = Dn(L) +Rn(L) , (11)
where Dn is the contribution from the n-loop EA diagrams for the action SRc, while
Rn = Resn
n−1∑
k=1
D¯k , (12)
where
Resn f(l
2
P ) = lim
l2P→0
f (n)(l2P )
n!
. (13)
The D¯k terms are defined as
D¯n(L) = Dn(L, L¯
2
c) , (14)
where
L¯2c = L
2
c
(
1 + il2PL
2
c/L
4
0
)−1
= L2c
(
1 + il2P /L
2
0c
)−1
. (15)
In order for the measure contributions to be perturbative, we see from (15) that we need
lP /L0c < 1, which is equivalent to
L0 >
√
lPLc . (16)
We will study the case L > Lc, since the perturbative analysis is simpler than in the L < Lc
case. The large-L asymptotics of Γ¯n(L) functions can be determined from
Sn(L) = O(L
4−n)/L2c , (17)
and the formula for the EA diagrams, see (23). Consequently, for n > 1
Dn(L) = O
((
L2c/L
4
)n−1)
, (18)
where the O notation is defined as
f(L) = O(La)⇔ f(λL) ≈ λag(L) (19)
when λ→∞. Since
Γ¯n(L) = Dn(L, L¯
2
c) , (20)
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we obtain
Γ¯n(L) = O
((
L¯2c/L
4
)n−1)
. (21)
The asymptotics (18) can be derived by considering the one-dimensional (E = 1) toy model
SRc =
(
L2 +
L4
L2c
)
θ(L) , (22)
where θ(L) is a homogeneous C∞ function of degree zero. Consequently
Dn(L) =
∑
l∈N
cnl (G(L))
kl Sn1(L) · · ·Snl(L) , (23)
where G = 1/S′′Rc, Sn = S
(n)
Rc /n!, kl is the number of edges of an n-loop EA graph with l vertices
and cnl are numerical factors.
The asymptotics (18) implies that there are no O(L4) terms in Dn(L), and hence Dn(L)
cannot contribute to the effective CC. This also happens for the Rn terms, which can be seen
from the toy model, where
S¯′′Rc = θ1(L)[1 + (L
2/L¯2c) θ2(L)] , (24)
and θk are homogeneous functions of degree zero. Consequently
log S¯′′Rc = log(L
2/L¯2c) + log θ1(L) + log
[
1 +O(L¯2c/L
2)
]
, (25)
while from (21) it follows that
Rn(L) = O((L
2
0c)
−n+1) +O(L−2(L20c)
−n+2) +O(L−4(L20c)
−n+3) + · · · . (26)
We then obtain
Γ1 = O(L
4/L40) + logO(L
2/L2c) + log θ1(L) +O(L
2
c/L
2) , (27)
and
Γn = Dn +Rn = O((L
2
c/L
4)n−1) + L2−2n0c O(L
2
c/L
2) = L2−2n0c O(L
2
c/L
2) . (28)
Note that we have discarded the constant pieces in Γn(L).
Hence there are no O(L4) terms in Γn for n > 1 and therefore the effective cosmological
constant will be determined by the logµ term, so that
Λg = Λc + Λµ = ± 1
2L2c
± l
2
P
2L40
. (29)
The formula (29) follows from the physical effective action, which is defined as
Seff = (ReΓ ± ImΓ )/GN . (30)
We have used in (30) the QG Wick rotation
Γ → ReΓ ± ImΓ , (31)
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in order to make the effective action a real function, since the solutions of the EA equation are
complex2, see [13, 9]. The sign ambiguity in (30) will be fixed by requiring that Λµ is positive,
see the next section.
Note that the condition (16) and L > Lc ensure that the effective action is semiclassical,
which implies that the quantum corrections to the classical action will be small for
L0 
√
lPLc . (32)
In this case
|SRc|/l2P  |Γ1| = | logµ−
1
2
Tr logS′′Rc| , (33)
and
|Γn|  l2P |Γn+1| , (34)
for all n.
Also note that the effective action will remain semiclassical if Lc is large and L < Lc, but
in this case we need L  lP in addition to the condition (16). This can be seen from the
asymptotics of Γ¯n(L) terms when L < Lc, since
log S¯′′(L) = log θ1(L) + log
[
1 +O(L2/L¯2c)
]
(35)
and
Γ¯n+1(L) = O(1/L
2n)
[
1 +O(L2/L¯2c)
]
. (36)
The asymptotics (35) and (36) imply that we may have terms of O(l2nP ) for any n contributing
to Λg. However, since Λg is a constant, i.e. it is independent of L, and given that we showed for
L > Lc that there are no such terms in Λg, see equation (29), then this implies that in the case
L < Lc the sum of O(l
2n
P ) terms must be zero. Hence one obtains the same formula for Λg as
(29).
We will consider an edge length L to be large if L  lP , so that a triangulation will have
large edge lengths if
L ≥ LK  lP , (37)
where LK is the minimal edge length. The length LK will serve as a QFT cutoff in the smooth-
manifold approximation of the effective action.
3. Effective action for gravity with a scalar field
In order to see what is the effect of matter on the value of CC we will consider a scalar field φ
on a 4-manifold M with a metric g such that the scalar-field action is given by
Ss(g, φ) =
1
2
∫
M
d4x
√
|g| [gµν ∂µφ∂νφ− U(φ)] , (38)
2In QFT, the Wick rotation t → it, where t is the time coordinate in a flat spacetime, transforms the EA
equation into a real integro-differential equation and the Minkowski metric in Γ becomes a Euclidean metric.
Consequently the solutions Γit of the Wick-rotated EA equation are real, so that when one substitutes the
Euclidean metric in Γit with a Minkowski metric, one obtains a real Γ . This is equivalent to performing the
transformation (31). In the QG case there is no analogue of the coordinate t, and the transformation (31) is a
coordinate-free analogue of the Wick rotation.
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where U(φ) is a polynomial of the degree greater or equal than 2.
When the metric g is non-dynamical, the EOM of (38) are invariant under the constant
shifts of the potential U . However, we know that the metric is dynamical, so that the constant
shifts in U will give contributions to the cosmological constant term. These classical shifts of
the potential will affect the value of Λc, so that we will assume that Λc 6= 0.
On T (M) the action (38) becomes
SRs =
1
2
∑
σ
Vσ(L)
∑
k,l
gklσ (L)φ
′
k φ
′
l −
1
2
∑
pi
V ∗pi (L)U(φpi) , (39)
where gklσ is the inverse matrix of the metric in a 4-simplex σ
g
(σ)
kl =
L20k + L
2
0l − L2kl
L0k L0l
, (40)
φ′k = (φpik − φpi0)/L0k and V ∗pi is the volume of the dual cell for a vertex point pi of T (M), see
[11]3.
The quantum corrections due to gravity and matter fluctuations can be described by the
effective action based on the classical action
S(L, φ) =
1
GN
SRc(L) + SRs(L, φ) . (41)
Since
S(L, φ)/~ = SRc(L)/l2P +GNSRs(L, φ)/l2P = SRm(L, φ)/l2P (42)
the EA equation becomes
eiΓ (L,φ)/l
2
P =
∫
DE(L)
dEl
∫
RV
∏
pi
dχpi exp
[
iS¯Rm(L+ l, φ+ χ)/l
2
P
− i
∑

∂Γ
∂L
l/l
2
P − i
∑
pi
∂Γ
∂φpi
χpi/l
2
P
]
, (43)
where S¯Rm = S¯Rc +GNSRs(L, φ).
Since we are using an exponentially damped PI measure for the L variables, we can use the
approximation DE(L) ≈ RE when L →∞, see [10]. We can then solve (43) perturbatively in
l2P by using the EA diagrams for the action S¯Rm.
It is convenient to introduce a dimensionless field
√
GN φ, so that
√
GN φ → φ and SRm =
SRc + SRs. The perturbative solution will be given by
Γ (L, φ) = SRm(L, φ) + l
2
PΓ1(L, φ) + l
4
PΓ2(L, φ) + · · · , (44)
where Γn are given by the EA diagrams corrected by the measure contributions, see section 2.
It is not difficult to see that
Γ (L, φ) = Γg(L) + Γm(L, φ) , (45)
and that for constant φ configurations
Γm(L, φ) = V4(L)Ueff (φ) . (46)
3In [11] the cell metric is given by the numerator of (40). The denominator in (40) appears after performing a
coordinate transformation in σ, and we did this in order to obtain a dimensionless expression for the cell metric.
8
We expect that the expansion (44) will be semiclassical for L lP and φ 1. This can be
verified by studying the one-dimensional (E = 1) toy model for the potential
U(φ) =
ω2
2
φ2 +
λ
4!
φ4 , (47)
where ~ω = m is the matter field mass and λ is the matter self-interaction coupling constant.
The toy-model classical action can be taken to be
SRm(L, φ) =
(
L2 +
L4
L2c
)
θ(L) + L2
[
φ2 +
L2
L2m
(φ2 + aφ4)
]
θ(L) , (48)
where Lm = 1/ω, λ/4! = a/L
2
m and the PI measure µ = exp(−L4/L40).
The first-order quantum correction to the classical action (41) is determined by
Γ1 = i
V4
L40
+
i
2
Tr log
(
SLL SLφ
SLφ Sφφ
)
, (49)
where Sxy are the submatrices of the Hessian matrix for SRm. Since
SLL = O(L
2) , SLφ = O(L
3)O(φ) , Sφφ = O(L
4)[1 +O(φ2)] , (50)
for L large, then
Γ1 = i
V4(L)
L40
+
i
2
Tr logSLL +
i
2
Tr logSφφ +O(φ
2) . (51)
The first term in (51) is the QG correction to the classical CC, while the matter sector will
give a quantum correction to CC from the third term. This can be seen by considering the
smooth manifold approximation, i.e. when E  1. In this case the third term in (51) can be
calculated by using the continuum approximation
SRs(L, φ) ≈ Ss(g, φ) , (52)
and the corresponding QFT in curved spacetime.
Let us consider an edge-length configuration which satisfies (37). The condition (37) ensures
that the QG corrections are small and if LK  Lm, we can calculate Tr logSφφ by using
the Feynman diagrams for Ss with the UV momentum cutoff ~/LK = ~K. Consequently the
corresponding CC contribution will be given by the flat space vacuum energy density, since
Tr logSφφ
∣∣
φ=0
≈ VM
∫ K
0
k3 dk log(k2 + ω2) + Ωm(R,K) ≡ δΓ1(L) , (53)
and
Ωm(R,K) = a1K
2
∫
M
d4x
√
|g|R
+ log(K/ω)
∫
M
d4x
√
|g| [a2R2 + a3RµνRµν + a4RµνρσRµνρσ + a5∇2R]
+ O
(
L2K/L
2
)
, (54)
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where ak are constants, see [14]. Therefore the only O(L
4) term in δΓ1 is
c1VM K
4 log (K/ω) = c1
VM
L4K
log(Lm/LK) , (55)
where c1 is a numerical constant.
The physical effective action is given by the formula (30), so that the one-loop CC is given
by
Λ1 = ± 1
2L2c
+ Λµ + c1
l2P
2L4K
log(K/ω) , (56)
where c1 is a numerical constant of O(1). We can write this as
Λ1 = Λµ + Λc + Λm , (57)
and it is not difficult to see that the higher-loop matter contributions to CC will preserve this
structure, due to (45) and (46). In the next section we will give a detailed demonstration of
this. Consequently
Λ = Λµ + Λc + Λm , (58)
where
Λm ≈ l
2
P
L4K
f(λ¯,K2/ω2) , (59)
λ¯ = λ l2P and f(x, y) is a C
∞ function, see the next section.
We can then choose the free parameter Lc such that
Λc + Λm = 0 , (60)
so that
Λ = Λµ =
l2P
2L40
. (61)
Note that Λµ > 0 if we choose the + sign in (30).
By taking L0 ≈ 10−5m we obtain the observed value of CC, which is
l2PΛµ ≈ 10−122 . (62)
Note that L0 ≈ 10−5m satisfies L0  lP , which is consistent with the condition (32) for the
validity of the semiclassical approximation. Namely, if Lc ≥ lP , then (32) implies L0  lP . If
Lc < lP , then L0  lP is consistent with L0 
√
lPLc since
L0  lP >
√
lPLc . (63)
This is important because the value of CC can be measured only in the semiclassical regime of
a QG theory.
Note that the final expression for Λ, eq. (61), is cut-off independent. This must happen
because the cut off K is an artefact of the QFT approximation, which also requires that the
edge lengths are large. However, the exact solution of the EA equation, Γ (L), is defined for all
allowed values of L and it will not depend on LK . Hence the corresponding Λ can only depend
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on the input parameters of the theory, which are lP , L0, Lc, λ and ω. The QFT approximation
together with the cut-off independence implies that the exact solution for the EA will give
Λ =
l2P
2L40
+ Λc + v(lP , λ, ω) . (64)
The free parameters L0 and Λc can be determined from the the condition Λc+Λm = 0 and from
the observed value of Λ.
The formula (64) allows us to choose Λc+Λm to be a non-zero constant C. Then L0 becomes
a function of C, and the condition L0  lP , together with the observed value of Λ, gives a range
for C
−10−122 < C l2P  1− 10−122 . (65)
Clearly, the simplest and the most natural choice is C = 0, but any other C from the interval
(65) can be taken. The only difference is that C 6= 0 will give a different value for L0.
Note that the formula (64) also allows the choice Λµ + Λm = 0. Then one would get that
Λ = Λc so that Λc will be equal to the observed value of Λ. However, the problem with this
approach is that the condition
l2P
2L40
+ v(lP , λ, ω) = 0 , (66)
should determine the value of L0, but we do not know the exact value of v. Hence we would not
be able to check the consistency condition L0  lP .
4. Higher-loop matter contributions to CC
In this section we will prove the formula (59) for the matter contributions to CC. The matter con-
tributions are given by the sum of n-loop one-particle-irreducible (1PI) QFT Feynman diagrams
with no external legs and with a momentum cut-off ~K. This is because the φ-independent
terms in the effective action are determined by the non-zero EA diagrams such that the φ→ 0
limit is taken in the propagator and the vertex functions. This leaves only the matter 1PI
vacuum-energy diagrams.
Let U(φ) be given by (47), then the contribution to Λm of O(~n) is given by the sum of
n-loop 1PI vacuum diagrams, which we denote as δnΛm. This sum can be represented as
δnΛm = 〈 〉n + 〈 〉n+
+〈 〉n + 〈 〉n + · · · , (67)
where the chain graphs appear for n ≥ 2, watermelon graphs appear for n ≥ 3, flower and
polygon-in-a-circle graphs appear for n ≥ 4, and so on.
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We would like to determine the large-K behavior of these graphs. This asymptotics is
generically given by O(KD), where D is the degree of the superficial divergence of the graph.
However, there are exceptions, and we will show that this happens in the case of flower graphs.
The 2-loop matter contribution to CC is given by the chain graph
δ2Λm = c2 λ l
4
P
(∫ K
0
k3dk
k2 + ω2
)2
≈ c2 λ l4P K4 = c2
l4P
L2λL
4
K
. (68)
since K  ω. This agrees with D = 4 for the 2-loop chain graph.
At 3 loops we have the chain graph contribution
δC3 Λm = c3 λ
2 l6P
(∫ K
0
k3dk
k2 + ω2
)2 ∫ K
0
q3dq
(q2 + ω2)2
≈ c3 λ2 l6P K4 ln(K2/ω2) . (69)
This graph has D = 4 and the asymptotics (69) is consistent with this value of D.
For the 3-loop melon graph we obtain
δM3 Λm = m3 λ
2 l6P
∫ K
0
k3dk
k2 + ω2
∫ K
0
q3dq
q2 + ω2
∫
r≤K
d4~r
(r2 + ω2)[(~r − ~k − ~q)2 + ω2]
≈ m3 λ2 l6P K4 ln(K2/ω2) , (70)
which again agrees with the corresponding D.
At 4 loops the flower graph appears, and it gives
δF4 Λm = f3 λ
3 l6P
(∫ K
0
k3dk
k2 + ω2
)3 ∫ K
0
q3dq
(q2 + ω2)6
. (71)
This integral has D = 4, but its asymptotics is given by D = 6. The reason is that the second
integral is not asymptotic to K−2 but it is asymptotic to a non-zero constant, so that
δF4 Λm ≈ f4 l2PK4 λ¯3(K/ω)2 . (72)
An n ≥ 3 chain graph gives
δCn Λφ = cn λ
n−1 l2nP
(∫ K
0
k3dk
k2 + ω2
)2(∫ K
0
k3dk
(k2 + ω2)2
)n−2
≈ cn λn−1 l2nP K4
(
ln(K2/ω2)
)n−2
, (73)
while an n ≥ 4 polygon graph gives
δPn Λφ = pn λ
n−1 l2nP
∫ K
0
k3dk
k2 + ω2
∫ K
0
q3dq
q2 + ω2
(∫
r≤K
d4~r
(r2 + ω2)[(~r − ~k − ~q)2 + ω2]
)n−2
≈ pn λn−1 l2nP K4
(
ln(K2/ω)
)n−2
. (74)
A flower graph gives for n ≥ 4
δFn Λm ≈ fn l2PK4 λ¯n−1(K2/ω2)n−3 . (75)
12
As far as the other 1PI vacuum graphs are concerned, their D is less than 4, and consequently
the main contribution for large K is given by
Λm ≈ l2P K4
[
c1 ln(K
2/ω2) +
∑
n≥2
cnλ¯
n−1 (ln(K2/ω2))n−2
+
∑
n≥4
dnλ¯
n−1 (K2/ω2)n−3 ] , (76)
where λ¯ = λ l2P is dimensionless. Since K  ω, we get
Λm ≈ l2P K4
∑
n≥4
dnλ¯
n−1 (K2/ω2)n−3 , (77)
so that the flower graphs have a dominant contribution.
This expansion will be perturbative if
λ¯K2/ω2 < 1 . (78)
Since λ¯ = 1/8 and from
K  ω , (79)
we get K/ω = 10k where k ≥ 2. Hence 102k−1 < 1, which is not possible for k ≥ 2. Therefore
for a given K we have to calculate Λm for a large number of loops in order to obtain an accurate
value.
Hence (77) is a perturbative approximation of an exact non-perturbative value for Λm, valid
for LK  lP . We can then write
Λm ≈ l2P K4 f(λ¯, K2/ω2) , (80)
where f is an analytic function. The exact value for Λm will be cut-off independent, so that
Λm = v(λ, ω, lP ) , (81)
where the function v will be determined by the exact solution of the EA equation.
5. Conclusions
We have shown that the CC in a discrete QG theory based on the Regge formulation of GR
is given by the eq. (64). The QG contributions to CC can be calculated explicitly, and they
are given by a simple expression (29). The matter contributions to CC are well approximated
by the EA loop diagrams for the matter QFT with a physical momentum cut-off ~/LK , where
LK  lP , see (77). This contribution cannot be calculated exactly, but it will have a definite
value, see (81), since the effective action is defined non-perturbatively via the equation (43).
Due to the additive structure of the quantum contributions to CC (58) and their functional
dependence on the input parameters of the theory (lP , L0, Lc, ω, λ), we can choose Λc such that
Λc = −Λm so that Λ = Λµ = l2P /2L40, where L0 is a free parameter entering the QG path-
integral measure. Note that the choice Λc + Λm = 0 ensures the cut-off independece of Λ in
the QFT approximation, i.e. Λ should not depend on the minimal length LK . By choosing
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L0 ≈ 10−5m we obtain the presently observed value of the CC. This value of L0 is consistent
in our approach, because it satisfies L0  lP , which is the condition for the validity of the
semiclassical approximation, see (32).
According to the classification of [1], our QG theory belongs to the class of adjustable-Λ
theories. This means that Λ depends on free parameters, in our case L0 and Lc, which are
adjusted such that one obtains the observed value. This is a nontrivial task, because one has to
find out the dependence of Λ on the free parameters for a given QG theory, and than to show
that there is a consistent solution of the equation Λ = Λ0. In our case the consistency condition
is L0  lP , which is clearly satisfied.
We have shown that the QG semiclassical approximation is valid for LK  lP . Note that
LK is a scale where the QG corrections are still small and the usual perturbative QFT is still
valid. From the LHC experiments we know that QFT is valid at the length scales of the order
of 10−20m so that lP  LK < 10−20m.
It is important to emphasize that the choice (60) is not the same as the extreme fine tuning
one needs to perform in order to obtain the observed value of CC when ignoring the QG effects,
since one does not need to know the value of Λm. The choice (60) can be understood as a way to
enforce the cut-off independence of Λ. From this point of view, one can also choose Λc+Λm = C,
where the constant C belongs to the interval (65). Whether C = 0 is a special value or a matter
of convenience, remains to be seen, but for the purposes of obtaining the desired value of CC,
this issue is not important.
Our results demonstrate that there is a simple QG theory which satisfies the basic require-
ments for a QG theory: to be well-defined and to have a good semiclassical limit. This is achieved
by assuming that the spacetime is described by a piecewise-linear manifold corresponding to a
triangulation of a smooth manifold. Hence in this QG theory the spacetime triangulation is
physical, and not an auxiliary structure whose purpose is to define the smooth manifold limit.
A curved space QFT can be then understood as an approximation for this QG theory with
finitely many degrees of freedom, which is analogous to fluid dynamics being an approximation
for the molecular structure of a fluid.
Furthermore, the PL QG theory can reproduce the observed value of the CC in the sense
that the observed value of the CC belongs to the spectrum of the CC operator. The QG
corrections to the classical action can be calculated by using the usual QFT with a physical
UV cutoff K, which corresponds to the minimal edge length LK in a triangulation with large
edge-lengths L  lP , so that LK  lP . There is an upper bound on LK , coming from the LHC
experimets, and it is given by LK < 10
−20m. An important assumption for the validity of the
QFT approximation is that the number of the edge-lengths E in a triangulation T (M) is large,
so that we can approximate the discrete sums over the cells in T (M) with the integrals over the
smooth manifold M .
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